We define a new model structure on the category of small categories, which is intimately related to the notion of coverings and fundamental groups of small categories. Fibrant objects in the model structure coincide with groupoids, and the fibrant replacement is the groupoidification.
Introduction
The category Cat of small categories has a couple of interesting model structures. One of them is introduced by Joyal and Tierney [JT91] , [Rez00] , which is Quillen adjoint to the Joyal type model structure [Joy08] on the category SSets of simplicial sets and the Anderson type model structure [And78] , [CGT04] , [Str00] on the category Grpd of groupoids. On the other hand, Thomason found another model structure [Tho80] which is Quillen equivalent to the Kan type model structure [Qui67] , [Hov99] on SSets and the Quillen type model structure [Qui67] , [Hov99] on the category Spaces of topological spaces. These model categories are related to each other by the following functors / / Spaces where i, π, N , c, | − | and S are the inclusion, the groupoidification, the nerve, the categorization, the realization and the singular simplicial set functor, respectively. In [Qui68] , Quillen shows that Serre fibrations in Spaces are related to Kan fibrations in SSets by |−| and S. Similarly, Gabriel and Zisman define coverings of simplicial sets, and show that coverings in Spaces are related to coverings in SSets by | − | and S in 2 The fundamental groups of small categories Minian defined the fundamental group π 1 (C) of a small category C as the colimit of strong homotopy classes of functors from interval categories I n to C for n ≧ 0 [Min02] . He also shows that π 1 (C) ∼ = π 1 (BC). Now, we define the fundamental group of a small category C as the endmorphism group of the groupoidification of C. We choose a model of groupoidification as π 0 (L H C) where L H C is the hammock localization of C defined by Dwyer and Kan [DK80] .
Definition 2.1. Given n ∈ N, let I n be the following category. The objects of I n are the integers 0, 1, · · · , n and the morphisms, other than the identities, are defined as follows. If r and s are two distinct objects in I n there is exactly one morphism from r to s if r is even and s = r − 1 or s = r + 1 and no morphism otherwise. A sketch of I n is as follow (case n even).
I n : 0 −→ 1 ←− 2 −→ · · · ←− n Let C be a small category, denote the set of objects of C by C 0 . Define a set π 0 (C) = C 0 / ∼ where a ∼ b iff there exists a functor α : I n −→ C such that α(0) = a and α(n) = b for some n. π 0 (C) is called the set of path component of C.
Dwyer and Kan defined a simplicial category L H (C, W ) with the same objects as C for a small category C and a subcategory W of C in [DK80] , where the simplicial category means the category enriched by the category of simplicial sets. When W = C, we denote L H (C, W ) as L H (C). For a, b ∈ C 0 , k-simplices of the simplicial set Hom L H (C) (a, b) are called hammocks of width k. A hammock a diagram of the following form 
for n ≧ 0, where the horizontal sequence means a functor I n −→ C. The category π 0 (L H (C)) is a groupoid from Proposition 3.1 in [DK80] . We call π 0 (L H (C)) the groupoidification of C.
Definition 2.2. Define a set (C I ; a, b) = {α : I n −→ C | α(0) = a, α(n) = b, n ≧ 0} for a, b ∈ C 0 , and we define a relation ∼ on (C I ; a, b) as follow. π(C; a, b) is defined by (C I ; a, b)/ ∼. The small category π(C) is defined as π(C) 0 = C 0 and Hom π(C) (a, b) = π(C; a, b). The composition is given by concatenation. Then every morphisms are invertible, so π(C) is a groupoid and π(C) = π 0 (L H (C)). π(C) gives a functor π : Cat −→ Grpd.
Define a functor C −→ π(C) by c → c on the set of objects and by f → (f ) on the set of morphisms, where (f ) is the class of f .
For a pointed small category (C, * ), define a group π 1 (C, * ) by Hom π(C) ( * , * ). We call that C is path connected if π 0 (C) = * and simply connected if π 0 (C) = * and π 1 (C) = 1. Proposition 2.3. π is a left adjoint functor to the inclusion functor i : Grpd −→ Cat.
Proof. Let C be a small category and G be a groupoid. The functor C −→ π(C) in Definition 2.2 induces a natural isomorphism Hom Grpd (π(C), G) −→ Hom Cat (C, G) then π is a left adjoint to i.
π is called the groupoidification functor, and π 1 (C, * ) is the endmorphism group of it on the object * . Next we study the construction of fundamental group given by Minian [Min02] .
Definition 2.4. Let (C, * ) be a pointed category and let f, g : I n −→ C be functors such that f (0) = f (n) = g(0) = g(n) = * for n ≧ 0. f and g are called strongly homotopic if there exists a functor H : I n × I m −→ C such that H C×{0} = f and H C×{m} = g and H(0, k) = H(n, k) = * , (0 ≦ k ≦ m) for some m ≧ 0. Denote f ≃ g when f and g are strongly homotopic.
[I n , C] * := {f :
The group structure on π 1 (C, * ) is defined by concatenation.
Proposition 2.5. π 1 (C, * ) = π 1 (C, * ) for any pointed small category (C, * ).
Proof. Both π 1 (C, * ) and π 1 (C, * ) are consist of classes of zigzag sequences of C. See the each equivalence relations. The relation 3 in Definition 2.2 of π 1 (C) corresponds to the colimit relation of π 1 (C, * ). Let * = c 0 −→ c 1 ←− c 2 −→ · · · ←− c n = * and
By chasing this diagram, we obtain
Lemma 2.8. Suppose C is a small category and f : x −→ y is a morphism in C. Define a map
Proof. An inverse map π 1 (C, y) −→ π 1 (C, x) is defined by
Lemma 2.9. If C is path connected, then
Proof. By the assumption, there exists a zigzag sequence
From Lemma 2.8, we obtain an isomorphism π 1 (C, c) −→ π 1 (C, d).
We write π 1 (C, * ) simply as π 1 (C), if C is path connected.
Example 2.10. Let S 1 be the category consisting of two objects 0, 1 and two parallel morphisms f, g and identity morphisms,
Lemma 2.11. Let C be a pointed category, and (c
in Hom π(C) (c, e).
Proof. The diagram
c e
is commutative.
Example 2.12. Let G be a group regarded as a groupoid with one point set of objects. Then an element of π 1 (G) can be written as (g 1 , g 2 , · · · , g n ) where g i ∈ G for any 1 ≦ i ≦ n. The lemma 2.11 implies that
Corollary 2.13. Let (G, * ) be a pointed groupoid. It is obvious that π 1 (G) ∼ = π 1 (H) where H is a full subcategory of G with
And H is equivalent to Hom G ( * , * ) as categories. Example 2.12 implies that
3 The 1-type model structure on Cat
Model categories, first introduced by Quillen in [Qui67] , form the foundation of homotopy theory. This is a framework to do homotopy theory in general categories. In this section, we define a model structure on the category of small categories, which is closely related to coverings, fundamental groups and groupoidifications.
Definition 3.1. Suppose C is a category. A functorial factorization is an ordered pair (α, β) of functors
where Mor(C) is the category of morphisms of M .
Definition 3.2. Let C be a category and i : A −→ B and p : X −→ Y be morphisms of C. Then we call that p has the right lifting property for i or i has the left lifting property for p if for every commutative diagram in C of the following form,
If the above h exists uniquely, then we call that p has the unique right lifting property for i or i has the unique left lifting property for p.
Definition 3.3. Let C be a category closed under finite limits and colimits. If the following diagram in
is a pushout, then the morphism g is called the pushout of f along h. If the diagram is a pullback, then the morphism f is called the pullback of g along k.
Proposition 3.4. Let C be a category closed under finite limits and colimits, and let p be a morphism in C.
The class of morphisms with the left lifting property for p is closed under pushout.

The class of morphisms with the right lifting property for p is closed under pullback.
Proof. See in [Hir03] .
Definition 3.5. [Hov99] A model structure on a category M consists of three subcategories of M called weak equivalences, cofibrations, and fibrations, and two functorial factorizations (α, β) and (γ, δ) satisfying the following properties.
1. If f and g are morphisms of M such that g • f is defined and two of f, g and g • f are weak equivalences, then so is third.
2. If f and g are morphisms of M such that f is a retract of g and g is weak equivalence, cofibration, or fibration then so is f .
3. Define a map to be a trivial cofibration if it is both a cofibration and a weak equivalence. Similarly, define a map to be a trivial fibration if it is both a fibration and a weak equivalence. Then trivial fibrations have the right lifting property for all cofibrations, and fibrations have the right lifting property for all trivial cofibrations.
4. For any morphism f in M , α(f ) is a cofibration , β(f ) is a trivial fibration, γ(f ) is a trivial cofibration and δ(f ) is a fibration.
A model category is a category M with all small limits and colimits together with a model structure on M .
It tends to be quite difficult to prove that a category admits a model structure. The above axioms are always hard to check. However, there exists a technique to prove that a category admits a good model structure called cofibrantly generated.
Definition 3.6. [Hov99] , [Hir03] We say that a model category M is cofibrantly generated if there exists sets I and J of morphisms such that:
1. Both I and J permit the small objects argument [Hir03, 10.5.15].
2. Fibrations coincide with the morphisms which have the right lifting property for J.
3. Trivial fibrations coincide with the morphisms which have the right lifting property for I.
I is called a set of generating cofibrations, and J is called a set of generating trivial cofibrations.
Definition 3.7. We use the following notations.
1. φ is the empty category.
2. * is the category with a unique object * and the only identity morphism.
3.
[n] is the poset 0 < 1 < 2 < · · · < n regarded as a category 0 −→ 1 −→ 2 −→ · · · −→ n.
S
0 is the coproduct of two * 's.
1 is the category with two point set of objects and has the parallel morphisms between them 0 ⇉ 1.
6. I 2 is the category 1 ←− 0 −→ 2.
7. CS 1 is the category consisting of three point set of objects 0 −→ 1 ⇉ 2 where 0 is an initial object.
∞ is the simply connected groupoid with two point set of objects 0 ⇆ 1.
φ is a initial object and * is a terminal object in Cat. We define a set of functors which are injective on set of objects
Next, we define a functor * −→ S ∞ by * → 0 on the set of objects, and * −→ [1] by * → 0 on the set of objects, and let I 2 −→ [2] and CS 1 −→ [2] be functors with identity maps on the set of objects. Denote
Theorem 3.8. 
A morphism is a cofibration iff it is injective for all dimensions.
A morphism is a fibration iff it is a Kan fibration.
Our aim in this section is to prove that the Cat has another model structure called the 1-type model structure. Proof. The inverse functor π(G) −→ G is given by the identity map on the set of objects, and
on the set of morphisms.
Proposition 3.14. The canonical inclusion functor j : C −→ π(C) is a weak 1-equivalence for any small category C.
Proof.
Proof. If π(f ) is an equivalence, then it is clear that f is a weak 1-equivalence by Proposition 3.14 and the following commutative diagram.
is an isomorphism for all n ≧ 0. This is a weak equivalence on Cat with Thomason type model structure in Theorem 3.10. However, if a functor is a weak equivalence in Thomasontype model structure between groupoids, then it is an equivalence of categories [CGT04] . Thus π(f ) is an equivalence of categories. 
A morphism is a cofibration iff it is an injection on set of objects.
A morphism is a fibration iff it has the right lifting property for J.
Furthermore, this is a cofibrantly generated model structure with generating cofibrations I and trivial cofibrations J.
Denote the category of small categories equipped with the above model structure by Cat 1 . Cofibrations in Cat 1 coincide with cofibrations in Cat JT .
It was already proved that SSets and Spaces admit model structures called the 1-type model structure in [DP95] . 
is an isomorphism for n = 0, 1 and x ∈ X. And a morphism f in SSets is called a weak 1-equivalence if |f | is a weak 1-eqivalence in Spaces.
Remark 3.18. By Theorem 2.6, f is a weak 1-equivalence in Cat iff N f is a weak 1-equivalence in SSets.
Theorem 3.19. [DP95] There exists a model structure on SSets with the following weak equivalences, cofibrations, and fibrations.
A morphism is a weak equivalence iff it is a weak 1-equivalence.
A morphism is a fibration iff it has the right lifting property for J
′ .
A morphism is a cofibration iff it has the left lifting property for trivial fibrations.
where
this is a cofibrantly generated model structure with generating cofibrations I
′ and trivial cofibrations J ′ , where
We will prove Theorem 3.16 by using the following theorem, which is stated in more general form by Hirschhorn [Hir03] . 
Then there exists a cofibrantly generated model structure on C, in which F A is a generating cofibrations and F B is a generating trivial cofibrations with the above weak equivalences, fibrations, and cofibrations.
The category of simplicial sets and the category of small categories are related by the nerve functor and categorization functor in [LTW79] .
Definition 3.21. The nerve functor N : Cat −→ SSets is defined by
and
Next, the categorization functor c : SSets −→ Cat is defined as follows. cX 0 = X 0 and the set of morphisms of cX consists of the classes of x 1 x 2 · · · x n , where
Proposition 3.22. [LTW79] c : SSets ⇐⇒ Cat : N is an adjoint pair, and cN ∼ = 1 Cat .
We will prove that Theorem 3.16 using Theorem 3.20.
Proof of Theorem 3.16. By Proposition 3.22, c : SSets ⇐⇒ Cat : N is an adjoint pair, and Theorem 3.19, SSets admits a cofibrantly generated model structure with generating cofibrations I ′ and generating trivial cofibrations
Conversely, the pushout of the inclusion functor
. Thus, the morphisms in Cat which have the right lifting property for c(I ′ ) coincide with the morphisms which have the right lifting property for I. Similarly, c(J ′ ) consists of identity maps and the pushout of morphisms of J, and J consists of the morphisms which are retracts of c(J ′ ). Thus, the morphisms in Cat which have the right lifting property for c(J ′ ) coincide with the morphisms which have the right lifting property for J. Then, the fibrations in Theorem 3.20 coincides with fibrations in Theorem 3.16. Since any category of domain of F I ′ and F J ′ consists of finite objects and finite morphisms, then condition 1 of Theorem 3.20 is satisfied.
We will show that condition 2 of Theorem 3.20 holds. Let j : A −→ X be a morphism in Cat which has the left lifting property for fibrations. Consider the following diagram in Grpd,
where p is a fibration in Grpd. By Proposition 2.3, π : Cat ⇐⇒ Grpd : i is an adjoint pair, then the above diagram induces a diagram in Cat as follows.
Now, p : E −→ B as a morphism of Cat is a fibration in Definition 3.16 since π(J) consists of identity maps and * −→ S ∞ . Then there exists a morphism k : X −→ E making the following diagram commutative.
is commutative, thus π(j) : π(A) −→ π(X) is a trivial cofibration in Grpd. In particular, π(j) is an equivalence of categories, then Proposition 3.15 implies that j is a weak 1-equivalence in Cat, and N (f ) is a weak 1-equivalence in SSets from Remark 3.18. The result follows from Theorem 3.20. 
The coverings of small categories
The notion of coverings is already defined in the category of spaces, simplicial sets [GZ67] , groupoids [May99] and k-linear categories [Gab81] , [CRS07] . Now we define coverings in the category of small categories, and consider the relations between our coverings and coverings defined in other categories. Proof. When n = 1, m = 1, given a diagram
Since p is a covering, we obtain morphismsf : e −→ e 1 andj : e −→ e 2 in E such that p(f ) = f and p(j) = j. Furthermore, we obtain morphismsg : e 1 −→ e 3 andk : e 2 −→ e ′ 3 in E such that p(g) = g and gives a functor
commutative. In general n, m > 0, we repeat taking lifts of diagrams.
Corollary 4.4. Let p : E −→ B be a covering and e, e ′ ∈ E 0 , f, g : I n −→ B,
and H : I n × I m −→ B be a strong homotopy from f to g such that H(0, a) = p(e), H(n, a) = p(e ′ ) for all 0 ≦ a ≦ m. Denote the lifted morphisms of f, g byf ,g : I n −→ E satisfyingf (0) =g(0) = e, theñ f (n) =g(n) = e ′ and there exists a strong homotopy H fromf tog such that H(0, a) = e, H(n, a) = e ′ for all 0 ≦ a ≦ m.
Proof. By Proposition 4.3, H can be lifted to E. And we obtain a strong homotopy we want because of the unique lifting property of p.
Proposition 4.5. Let p : E −→ B be a covering and
Proof. Assume that p(e * ) = 1 in π 1 (B, b) for e * ∈ π 1 (E, e). Thus p(e * ) ≃ b. The Corollary 4.4 implies that e * ≃ e, therefore e * = 1 ∈ π 1 (E, e).
Next we construct the universal cover over a path connected category.
Definition 4.6. The Grothendieck construction or the transportation category [Tho79] of a functor F : I −→ Sets, where I is a small category and Sets is the category of sets, is a small category Gr(F ) defined as follows. The set of objects of Gr(F ) consists of (i, x) where i is an object of I and x is an element of F (i). And a morphism (i, x) −→ (j, y) in Gr(F ) is a morphism f : i −→ j in I such that F (f )(x) = y. And the canonical projection functor Gr(F ) −→ I is given by (i, x) −→ i.
Let (C, * ) be a pointed category, then the set of morphisms of π(C) gives a functor
Denote Gr Hom π(C) ( * , −) by C and the canonical projection by T : C −→ C. That is, an object of C can be appeared as a equivalent class of a sequence in C
and T carries it to the last object c n .
Lemma 4.7. Let C be a path connected category, then T : C −→ C is a covering.
Proof. Given a commutative diagram
is a class of zigzag sequence of C and g(0 −→ 1) :
It is obvious that
is commutative and h exists uniquely. Similarly, T has the unique lifting property for 1 :
We continue to deform the above sequence, Proof. Let c * ∈ C 0 , then the following commutative diagram
gives a functorc * : I n −→ E such thatc(0) = * and q •c * = c * since q is a covering. Thus, we define a correspondence α : C −→ E on the set of objects as α(c * ) =c n . A morphism f : c * −→ d * in C is a morphism f : c n −→ d m in C between last objects of c * and d * , then we obtain a morphism in E,f :c n −→d m such that p(f ) = f andf •c * =d * in π(E). Then define α on the set of morphism as α(f ) =f . α is a functor C −→ E from the unique lifting property of q and q • α = T , α( * ) = * . Now, let β : C −→ E be a functor preserving the base point and
induces a zigzag sequence of C as follows.
Then β(f * ) is a zigzag sequence of E starting the base point of E. For the following commutative diagram,
Since the unique lifting property,
We recall the definition of coverings in the category of simplicial sets, groupoids, and k-linear categories. are isomorphisms for any b ∈ B 0 and e ∈ p −1 (b).
Next we recall the relations between coverings in those categories.
Proposition 4.14. Proof
then f (0 −→ 1) : I n −→ B and f (0 −→ 1)(0) = p(e).
is a commutative diagram, then there exists a morphism g :
is commutative, whereg(0) = e andg(0 −→ 1) = g. Therefore π(p) is a covering in the category of groupoids. 
are isomorphisms as morphisms in the category of k-modules. Then kp is a covering in kCat.
Fibrations and coverings
Next we investigate properties of the 1-type model structure. In particular, we show that fibrations in the 1-type model category are closely related to coverings, prefibered functors, and Kan fibrations.
Definition 5.1. Suppose M be a model category, then M has an initial object φ and a terminal object * . We call an object X of M cofibrant if φ −→ X is a cofibration, and we call an object Y of M fibrant if Y −→ * is a fibration.
Proposition 5.2. In the 1-type model structure on Cat, all objects are cofibrant, and fibrant objects coincide with groupoids.
Proof. By the definition of cofibration in theorem 3.16, it is obvious that all objects are cofibrant. Next, let G be a groupoid, then G −→ * has the lift property for J since all morphisms of G are invertible. Conversely, Let C be a fibrant object. For any morphism f ∈ Hom(x, y), we can consider a diagram in C that y
Use the lifting property for J 2 , we obtain a morphism g : y −→ x satisfying g • f = 1. Now g • (f • g) = g = g • 1, the lift property for J 3 implies that f • g = 1. Thus C is a groupoid.
Lemma 5.3. If p : E −→ B is a covering, then p is a fibration in Cat
Proof. Since the definition of coverings in Definition 4.1, p has the lift property for J 1 . Next, given the following commutative diagram.
[2]
Then, we obtain a morphism α : f (1) −→ e over g(1 −→ 2) : g(1) −→ g(2) by the lifting property of p. And
by the universality of the lifting property, then p has the lifting property for J 2 . At last, universality of the lifting property implies that p has the lifting property for J 3 .
Definition 5.4. [Qui68] Let f : X −→ Y be a functor, then the category f −1 (y) is defined as a subcategory of X for y ∈ Y 0 , f −1 (y) 0 = f −1 (y) and Hom f −1 (y) (a, b) = p −1 (1 y ). Furthermore, let y/f denote the category as (y/f ) 0 = {(x, w) ∈ X 0 × Hom Y (y, f (x))} and
similarly f /y denote the category as (f /y) 0 = {(x, w) ∈ X 0 × Hom Y (f (x), y)} and
Define functors i y : f −1 (y) −→ y/f and j y : f −1 (y) −→ f /y as x → (x, 1 y ) on the set of objects. We call f is a prefibered category if i y has a right adjoint functor for all y, and we call f is a precofibered category if j y has a left adjoint functor for all y.
Definition 5.5. A category is called discrete if the set of morphisms consists of only identity maps.
Proposition 5.6. p : E −→ B is a covering iff p is a fibration in Cat 1 and the category of fiber p
Proof. Let p : E −→ B be a covering, then p is a fibration by lemma 5.3, and fibers have only identity maps since the universality of lifting property. Conversely, let p be a fibration with discrete fibers. Since p is a fibration, p has the lifting property for J 1 . We will show that the lifting property has the universality. For a following commutative diagram,
The lifting property of p for J 2 implies that there exists w : g(1) −→ h(1) such that w • g = h and p • w = 1. Then w is a morphism of p −1 (f (1)). However, p −1 (f (1)) has only identity maps, thus w = 1. Therefore, g = h.
Proposition 5.7. Let p : E −→ B be a fibration, then p is both a prefibered category and a precofibered category.
Proof. For b ∈ B 0 , we define a left adjoint functor r : p/b −→ p −1 (b) of i : p −1 (b) −→ p/b as follows. Take an object (e, w) ∈ (b/p) 0 , then w : p(e) −→ b in E. Consider the following commutative diagram.
There exists a functorw : [1] −→ E such that p •w = w andw(0) = e because of the lifting property of q for J 1 . Therefore, define on set of objects as r(e, w) =w(1). Next, for a morphism α : (e, w) is defined by h → h •w. It is obvious that χ • ϕ = 1. And ϕ • χ = 1 since the lift property of p for J 3 . Thus p is a precofibered category. Similarly, we can prove that p is a prefibered category.
Definition 5.8. Let f : X −→ Y be a prefibered category, then define a functor α * : Proposition 5.9. Let p : E −→ B a fibration, then f * : p
Proof. Now, f * (e) =f (1) wheref is a morphism in E such that p •f = f andf (0) = e. And f * (e ′ ) = f (0) where f is a morphism in E such that p • f = f and f (1) = e ′ . Natural isomorphisms f * • f * ∼ = 1 and f * • f * ∼ = 1 can be defined from the lifting property of p for J 2 and J 3 .
Corollary 5.10. Let p : E −→ B a covering, then f * : p
Proof. By Proposition 5.9.
Theorem 5.11. [Qui68] Suppose f : X −→ Y is prefibered (resp. precofibered) and that for every arrow
) is a homotopy equivalence. Then for any x ∈ f −1 (y), we have an exact sequence of homotopy groups
Corollary 5.12. Let p : X −→ Y be a fibration in Cat 1 , then for any x ∈ f −1 (y), we have an exact sequence of homotopy groups
Proof. This follows from Proposition 5.7 and 5.9 and Theorem 5.11.
Theorem 5.13. p is a fibration in Cat 1 iff N p is a Kan fibration.
Proof. Let p : E −→ B be a fibration, we will prove that N p is a Kan fibration. Given a following diagram in SSets
for 0 < n and 0 ≦ k ≦ n. Since (c, N ) is an adjoint pair, the above diagram induce a next commutative diagram in Cat.
Now the left vertical arrow is c(Λ n k ) ∼ = [n] for n ≧ 4, and for 0 < n ≦ 3, this is pushout of a morphism of generating trivial cofibration J in the 1-type model structure. Then there exists a morphism h : [n] −→ E such that commuting following diagram.
Thus, h ♯ the adjoint morphism of h makes the following diagram commutative.
Therefore, N p is a Kan fibration.
Conversely, let N p be a Kan fibration. Given a following diagram in Cat, 
[3]
and cr carries f to the identity map. Thus cr is a retraction of the inclusion functor CS 1 ֒→ cΛ
Thus p is a fibration.
Corollary 5.14. G is a groupoid iff N (G) is a Kan complex.
Proof. By Proposition 5.2, groupoids coincide with fibrant objects in the category of small categories equipped with 1-type model structure, and Kan complexes coincides with fibrant objects in the category of simplicial sets equipped with Kan type model structure [Hov99] . Thus Theorem 5.13 implies that G is a groupoid iff N (G) is a Kan complex since N preserves terminal objects.
The functorial factorizations in the 1-type model structure on Cat is induced from the small objects argument in [Hir03] . However, the small objects argument is too abstract and difficult. Now, we define another functorial factorizations on Cat 1 which induce the groupoidification in Definition 2.2 and the universal cover in Definition 4.6.
Definition 5.15. For a functor f : X −→ Y , define a category E f as follows.
where y n and y ′ m are last objects of y * , y ′ * , respectively. When X = * , then E f is Y in Definition 4.6. We define a functor j : X −→ E f as x → (x, 1 f (x) ) and a functor p : E f −→ Y as (x, y * ) → y n where y n is the last object of y * . Define α, β : Mor(Cat) −→ Mor(Cat) as α(f ) = j and β(f ) = p, then it is obvious that f = β(f ) • α(f ) and (α, β) is a functorial factorization of Cat. Proof. Given a commutative diagram.
then p has the lifting property for J 1 . Next, given the following commutative diagram.
Now β(1 −→ 2) is a morphism from last point of y ′ * to y ′′ * . Thus, we obtain a morphism
and it gives a functor [2] −→ E f commuting the above diagram, then p has the lifting property for J 2 . At last, given the following commutative diagram.
and it gives a functor [2] −→ E f commuting the above diagram, then p has the lifting property for J 3 .
Proposition 5.17. j : X −→ E f in Definition 5.15 is a trivial cofibration for any f : X −→ Y .
Proof. It is obvious that j is a cofibration, so we will show that j is a weak 1-equivalence. First, we see
We take an element [x,
then, we consider the next commutative diagram.
When we regard vertical sequences as objects in E f , the above diagram implies that
from the definition of set of morphisms of E f . Then j * is injective.
Next we see the induced map j * : π 1 (X, x) −→ π 1 (X, (x, 1 f (x) )). We take an element
is an element of Hom π(X) (x i−1 , x i ). Let
since the both morphisms and compositions in E f are same as X and the definition of j. Thus j * is injective. 6 The classification theorem of coverings of small categories We show that a subgroup H of π 1 (C) corresponds to a covering over C with the fundamental group of the total category isomorphic to H. This is a generalization of the classification of coverings in the category of groupoids in [May99] Definition 6.1. Let G be a group and C be a small category. C is called a G-category if G acts on C 0 and there is a correspondence of the set of morphism Hom C (x, y) −→ Hom C (gx, gy) for g ∈ G satisfying the associativity and unit conditions and composition identity. This is regarded as a functor G −→ Cat such that * → C, where * is an only object of G. In particular, C is called a free G-category when the action of G on C 0 is free.
Definition 6.2. [CM06] Let G be a group and C be a free G-category.
where G-action is given by (g, f ) → g(f ). The composition
• ϕ] where g ∈ G such that t(ϕ) = gs(χ). Because of the freeness of the action, C/G is a small category.
Remark 6.3. If a free G-category C is regarded as a functor G −→ Cat, then the colimit of the functor coincides with C/G.
Lemma 6.4. Let C be a free G-category, then the canonical projection p : C −→ C/G is a covering.
, there exists an element g ∈ G such that gx = c, so g(f ) ∈ Hom C (gx = c, gy). We define a functor h :
On the other hand, suppose there exists a morphism h ′ : [1] −→ C satisfying the same property as h. Since
. By looking at the source object, the above equation implies gc = c. Since the G-action is free, we obtain g = e. Thus h(0 −→ 1) = h ′ (0 −→ 1) and h = h ′ . Similarly, p has the unique lifting property for 1 : 0 −→ [1].
Definition 6.5. Let (C, * ) be a pointed small category. Define a π 1 (C)-action on C µ : π 1 (C) × C −→ C by concatenating the sequences on object and inclusion on the set of morphisms.
Lemma 6.6. The action µ : π 1 (C) × C −→ C in Definition 6.5 is free.
Definition 6.7. Let (C, * ) be a pointed small category and H be any subgroup of π 1 (C). Since lemma 6.6, H acts free on C as restricted action of Definition 6.5. T : C −→ C induces a morphism T : C/H −→ C making the following diagram commutative. Lemma 6.8. T : C/H −→ C in Definition 6.7 is a covering for any subgroup H of π 1 (C).
Proof.
The action of H is to circle around the starting point of a sequence. On the other hand, T is a correspondence which assigns the last point of a sequence. Then the H-action does not have an influence on T , so we can show T is a covering by a similar argument we used to proof of Proposition 4.7.
Conversely, assume that f * (π 1 (X, x 0 )) ⊂ p * (π 1 (E, e 0 )). Take an object x ∈ X 0 , then there exists a zigzag sequence x * from x 0 to x since X is path connected. Since p is a covering, there exists a unique morphism e * : I n −→ E making the following diagram commutative.
Define g : X −→ E by g(x) = T (e * ) on object. g(x) does not depend on the choice of x * from [May99] .
Next for α : x −→ y, assume that x * is a zigzag sequence between x 0 and x. We can take a zigzag sequence between x 0 and y as α • x * .
Then we get a morphism g(x) −→ g(y) of E over f (α) from the lifting property. It gives a correspondence of g on the set of morphisms. The universality of g is shown from the unique lifting property of p.
Corollary 6.12. Let (p : E −→ B; e) and (p
Proof. By the universality of existence of a functor E −→ E ′ from lemma 6.11.
Definition 6.13. Let (C, * ) be a pointed category, define a map
by H → ( C/H −→ C; * ). And define a map
Lemma 6.14. If (p : E −→ C; e) ∼ = (p
Proof. By assumption, there exists an isomorphism f : E −→ E ′ such that f (e) = e ′ and
Definition 6.15. Define a map
where p is the projection and F is the map in Definition 6.13. And
is a map induced from G in Definition 6.13 by Lemma 6.14.
Theorem 6.16. G is an inverse map of F .
Proof. By Proposition 6.9, it is clearly that G • F = 1. We will show that F • G = 1. Let p : E −→ C be a covering and e ∈ p −1 ( * ). Consider the covering T : C/ (p * π 1 (E, e)) −→ C then Proposition 6.9 suggests that p * (π 1 (E, e)) = T * π 1 C/ (p * (π 1 (E, e))) .
Then Corollary 6.12 implies that (p, e) and ( T , * ) are isomorphic, thus F • G = 1.
7 Relations between the 1-type model category and other model categories
Cat with the 1-type model structure is related to other model categories by the following pairs of adjoint functors. Proof. Because π preserves weak equivalences and cofibrations, Proposition 7.2 implies that (π, i) is a Quillen pair, furthermore, (π, i) is a pair of Quillen equivalences since the inclusion functor C −→ π(C) in Definition 2.2 is a weak 1-equivalence for any small category C. Proof. Theorem 5.13 implies that N preserves fibrations. Because a cofibration i : A −→ B in SSets K is injective for all dimensions, in particular, i 0 : A 0 −→ B 0 is injective. Then the map on the set of objects of ci : cA −→ cB coincides with i 0 : A 0 −→ B 0 , thus ci is a cofibration. Therefore c preserves cofibrations, then (c, N ) is a Quillen pair.
We will prove that Cat 1 is Quillen equivalent to the category of simplicial set with the 1-type model category in Theorem 3.19. From Definition 3.14, a weak 1-equivalence f : X −→ Y in SSets is a map inducing isomorphisms |f | * :
for n = 0, 1 and x ∈ |X|. In [May92] , the fundamental (homotopy) group of a fibrant simplicial set X in SSets K is defined, and proved that π 1 (X, * ) ∼ = π 1 (|X|, * ) in [May92] . Those fibrant simplicial sets are called Kan complexes.
Definition 7.6. Let X be a simplicial set. Two 1-simplices x, y ∈ X 1 is homotopic, denoted x ≃ y, if
, and there exists a 2-simplex z ∈ X 2 such that
z is called a homotopy from x to y. ≃ is an equivalence relation on X 1 , when X is a Kan complex. Let X be a Kan complex and * be a vertex of X, define π 1 (X,
Lemma 7.7. [May92] There exist a group structure on π 1 (X, * ) and
is an isomorphism of groups, where θ : X −→ S|X| is the counit map of the adjoint pair (| − |, S).
Lemma 7.8. Let X be a Kan complex and * be a vertex of X, then η * : π 1 (|X|, * ) −→ π 1 (|N cX|, * )
is an isomorphism, where η : X −→ N cX is the counit map of the adjoint pair (c, N ).
Proof. Define a map ε : X where i : cX −→ πcX is the functor in Definition 2.2. Because i is a weak 1-equivalence, it suffices to prove that ε * : π 1 (|X|, * ) −→ π 1 (|N πcX|, * )
is an isomorphism. πcX is a groupoid, then N πcX is a Kan complex by Corollary 5.2. By lemma 7.7, we will show that ε * : π 1 (X, * ) −→ π 1 (N πcX, * )
is an isomorphism. For [e] ∈ π 1 (N πcX, * ), e is a 1-simplex of N πcX, then e is a morphism of πcX. From the definition of π in Definition 2.2, e is represented as a zigzag sequence of cX as follows. * Assume that ε * [e] = 0 in π 1 (N cπX, * ) for [e] ∈ π 1 (X, * ). Thus, there exists a 2-simplex (f, g) of N πcX such that d 0 (f, g) = 1 * , d 1 (f, g) = e, d 2 (f, g) = 1 * . Then g = 1 * , f = 1 * , g • f = e, thus e = 1 * in πcX. There exists the following commutative diagram in cX. * = e / / * *
Since X is a Kan complex, we may regard the above morphisms as the 1-simplices of X. Moreover, there exist 1-simplices of X such that the following diagram is commutative.
It implies that the top of horizontal sequence is the adjacent horizontal sequence in cX. Thus e = 1 * in cX. Therefore, there exists a 2-simplex σ of X such that d 0 σ = s 0 * , d 1 σ = s 0 * , and d 2 σ = e. Then [e] = 0 in π 1 (X, * ), thus ε * is injective.
Corollary 7.9. η : X −→ N cX is a weak 1-equivalence in SSets, if X is a Kan complex.
Proof. It is obvious that η * : π 0 (X) −→ π 0 (N cX) is identity map because X 0 = (N cX) 0 and the definition of cX. η * : π 1 (X, * ) −→ π 1 (N cX, * ) is an isomorphism from Lemma 7.8, then η is a weak 1-equivalence. is commutative, and η : RX −→ N cRX is a weak 1-equivalence by Corollary 7.9 and also i is a weak 1-equivalence. By Proposition 7.5, c : SSets K ⇐⇒ Cat 1 : N is a Quillen pair, therefore c preserves trivial cofibrations by Proposition 7.2. Then ci is a trivial cofibration in Cat 1 , in particular, ci is a weak 1-equivalence in Cat. Therefore N ci is a weak 1-equivalence in SSets, and η : X −→ N cX is a weak 1-equivalence. is commutative, then N cf is a weak equivalence since η is a weak equivalence from Corollary 7.10. Thus cf is a weak equivalence in Cat 1 . Conversely, it is obvious that f is a weak equivalence in SSets 1 if f ♯ is a weak equivalence in Cat 1 .
